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Electronic states at the ends of a narrow armchair nanoribbon give rise to a pair of non-locally
entangled spins. We propose two experiments to probe these magnetic states, based on magnetom-
etry and tunneling spectroscopy, in which correlation effects lead to a striking, nonlinear response
to external magnetic fields. On the basis of low-energy theories that we derive here, it is remark-
ably simple to assess these nonlinear signatures for magnetic edge states. The effective theories
are especially suitable in parameter regimes where other methods such as quantum Monte-Carlo
simulations are exceedingly difficult due to exponentially small energy scales. The armchair ribbon
setup discussed here provides a promisingly well-controlled (both experimentally and theoretically)
environment for studying the principles behind edge magnetism in graphene-based nano-structures.
PACS numbers: 81.05.ue, 31.15.V-, 75.10.Jm, 73.20.-r
Graphene [1], a two-dimensional network of carbon
atoms, has induced much excitement among physicists
because of a multitude of unusual electronic proper-
ties [2]. Much of the literature about graphene has fo-
cussed on non-interacting electrons moving on a honey-
comb lattice, though. One reason for this is that free
electrons already show unorthodox effects such as Klein
tunneling [3, 4] and an anomalous quantum Hall sequence
even at room temperature [5]. Another reason is that
electron-electron interactions are suppressed close to the
charge neutrality point because of the vanishing density
of states, so that electronic correlation effects are often
considered to be of minor importance in graphene.
At graphene edges the density of states may be peaked
due to the presence of edge-localized states close to the
Fermi level [6]. Especially at extended zigzag edges this
leads to a phenomenon called edge magnetism, where var-
ious theories predict ferromagnetic intra-edge and anti-
ferromagnetic inter-edge correlations [7–16]. Experimen-
tally, these magnetic correlation effects prove to be elu-
sive. Only recently, experimental indications of the im-
portance of electron-electron interactions at edges of chi-
ral graphene nanoribbons have been reported [17]. The
actual magnetic properties, however, remain unresolved
experimentally as yet. The most severe issues hampering
the experimental study of edge magnetism are (a) uncon-
trolled and rough edges [18], (b) hybridization with the
substrate [19], and (c) unclear experimental signatures of
edge magnetism. All these issues are in fact related to the
high complexity of the edges of most graphene nanorib-
bons: On the one hand the exact structural properties of
the ribbon edges are not known. On the other hand, the-
ory has not yet provided clear experimentally resolvable
signatures beyond mean-field band structures.
Here, we propose to study electronic correlation effects
in a simpler geometry, namely in short armchair nanorib-
bons with zigzag ends (see Fig. 1). This geometry re-
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FIG. 1. (Color online) Lattice geometry of an armchair
nanoribbon with W = 3 hexagons in zigzag direction and
L = 10 hexagons in armchair direction. On top of the
lattice the weight of the edge-localized low-energy states
|ψL(i)|
2+ |ψR(i)|
2 is shown. Both the dot size and color scales
with the weight. The blue circle indicates a typical site at
which the spectral function is to be measured (see text).
solves at least issues (a) and (c). The basic principles of
edge magnetism become strikingly clear in those ribbons,
since, compared to edge magnetism in large zigzag or chi-
ral ribbons, they offer three key advantages: (i) suitable
high-quality armchair ribbons are already available [20–
22]. (ii) As we will show, armchair ribbons are well under
control theoretically as they allow for an essentially exact
solutions without the need to resort to mean-field tech-
niques. (iii) Correlation effects are accessible by means
of magnetometry and spin-resolved scanning tunneling
spectroscopy (STS).
Model and geometry. Our analysis is based on the π-
band model of graphene. It is convenient for our purposes
to separate the Hamiltonian H = H0 +HU +H
′ into a
dominant part
H0 +HU = −t
∑
〈i,j〉,τ
(c†iτ cjτ +H.c.) + U
∑
i
c†i↑ci↑c
†
i↓ci↓,
(1)
where τ is a spin label, t ≈ 3 eV is the nearest-
neighbor hopping amplitude on the honeycomb lattice
and U ≈ 6 eV the on-site Hubbard repulsion. H ′ contains
additional terms such as more distant neighbor hopping
and the long-range part of the Coulomb repulsion. We
2will show thatH0+HU governs the physics, whileH
′ only
renormalizes the effective parameters. The lattice geom-
etry that we consider is characterized by the number of
hexagons in the zigzag direction, W , and the number of
hexagons in the armchair direction, L (see. Fig. 1). High
quality nanoribbons with W = 3 have recently been syn-
thesized in a bottum-up approach in the laboratory [20–
22]. They have been shown to be terminated by single
hydrogen atoms [20], so that a π-band-only model is well
justified.
Effective low-energy theory. Following Ref. 23 we
derive a fermionic theory for the low-energy sector of
a W = 3 ribbon. The relevant degrees of freedom
are selected on the basis of their localization proper-
ties. The eigenstates of H0 are separated into bulk states
b†µτ =
∑
i φµ(i)c
†
iτ with
∑
i |φµ(i)|
4 ∼ 1/L, and end
states e†±τ =
∑
i ψ±(i)c
†
iτ with
∑
i |ψ±(i)|
4 ≈ const. for
large L. The latter are symmetric and antisymmetric
superpositions of exponentially localized states d†
L/R,τ at
the left (L) and right (R) end of the ribbon. Typical end
state wave functions are shown in Fig. 1. We reconstruct
the states d†
L/R,τ from the low-energy eigenstates d
†
±,τ of
H0. The energy of the end states ǫ+ = −ǫ− are exponen-
tially small in L while we find that the bulk energies for
Eq. (1) satisfy |ǫµ| & 0.23t. Thus, the end states are en-
ergetically well separated from the bulk states. From the
end state wave functions ψL/R(i) we construct a fermionic
low-energy theory
Hf = −t
∗
∑
τ
(e†
LτeRτ+H.c.)−
∑
τ,τ ′,s=L,R
e†sτ (B·σ/2)ττ ′esτ ′
+ U∗
∑
s=L,R
(e†s↑es↑ − 1/2)(e
†
s↓es↓ − 1/2), (2)
where t∗ = |ǫ±| describes an effective hopping of elec-
trons from one end to the other, U∗ = U
∑
i |ψL(i)|
4 =
U
∑
i |ψR(i)|
4 ≈ 0.1U is an effective Hubbard repulsion
for the end-localized electrons, σ the vector of Pauli ma-
trices, and B an external magnetic field.
It is important to note, that U∗ is essentially inde-
pendent of L while t∗ becomes exponentially small for
large L. By fitting the numerical data we find t∗ ≈
e−L/1.86 1.29 eV. Thus, for not too small L a further
reduction of Hf to a two-spin Heisenberg model
HH = JHSL ·SR−B · (SL+SR), JH = 4(t
∗)2/U∗ (3)
is feasible. Here, SL/R are spin-
1
2
operators describing
the spins of the localized electrons at the left/right end.
This simple Heisenberg theory describes two antiferro-
magnetically coupled spins, localized at the ribbon ends,
with a singlet-triplet (ST) splitting JH > 0.
Assessing the effective theory. In order to scruti-
nize the effective low-energy theories (2) and (3), we
perform numerically exact projective auxiliary-field de-
terminant quantum Monte-Carlo (QMC) simulations of
0
0.2
0.4
0.6
0.8
1
1.2
1.4
2 3 4 5 6 7 8
E
(e
V
)
L
U/t = 0.5
(a)
10
−3
10
−2
10
−1
10
0
2 4 6 8
E
(e
V
)
L
2 3 4 5 6 7 8
L
U/t = 1.0
(b)
10
−3
10
−2
10
−1
10
0
2 4 6 8
E
(e
V
)
L
FIG. 2. (Color online) Singlet-triplet splitting J as a function
of ribbon length L. The blue dotted line is Jf calculated from
Hf [Eq. (2)]. The red solid line corresponds to JH [Eq. (3)].
The black circles with error bars are the results of the QMC
simulations Jexact. (a) is with U = 0.5t and (b) with U = t.
the full lattice model H˜ = H0 + HU . Ground-state
averages of arbitrary observables Oˆ, such as the to-
tal energy or the Green’s function, are calculated by
〈Oˆ〉 = 〈ψT|e
−θH˜Oˆe−θH˜ |ψT〉/〈ψT|e
−2θH˜ |ψT〉. The pro-
jection length θ = 120/t is chosen sufficiently large as to
ensure convergence. |ψT〉 is taken as the ground state
of the non-interacting system with a fixed number of
spin-τ electrons Nτ . We employ a third-order Trotter-
Suzuki decomposition with a propagation step size of
∆τ = 0.01/t. For further details on the QMC algorithm
cf. Ref. 24.
Because of the SU(2) symmetry, the single scale in the
low-energy sector is the ST splitting, J , which we calcu-
late in three different ways. (i) In the fermionic theory we
find Jf =
√
(U∗)2/4 + 4(t∗)2 − U∗/2. (ii) In the Heisen-
berg theory JH is given by Eq. (3). (iii) Within QMC we
calculate the difference Jexact of the total ground-state
energies for N↑ = N↓ + 2 (triplet sector) and N↑ = N↓
(singlet sector). Figure 2 compares these three results for
U/t = 0.5 and 1.0. While Jf agrees very well with the
exact solution, JH deviates significantly for very short
ribbons, where t∗/U∗ is not yet small. Because of the
exponentially small ST splitting, the QMC calculations
were feasible only on relatively short ribbons L . 8. In
this regime, the fermionic theory agrees with the exact
QMC results within error bounds. The effective theory,
however, is not restricted to such small L. We conclude
from Fig. 2, that for L & 8 the simple Heisenberg theory
(3) may be used to describe the spin physics.
Detection via magnetometry. The exponential depen-
dence of J on L in combination with the discreteness
of L enables an experimental detection of the inter-end
spin correlation by means of magnetization measure-
ments. Note that L must be even because of the syn-
thesis process [22]. We assume an ensemble of W = 3
ribbons of variable and homogeneously distributed sizes
L = 8, 10, . . . , 20 (corresponding to lengths between 4
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FIG. 3. (Color online) Total magnetic moment M (in 103µB)
of an ensemble of nanoribbons as a function of the magnetic
field B for different temperatures. The ensemble contains
3000 ribbons for each length L = 8, 10, . . . , 20. Each individ-
ual ribbon contributes two Bohr magnetons µB to the total
moment if it is in the triplet state.
and 8 nm), arranged randomly and sparsely on a 2D sur-
face. Other length distributions can be accounted for
easily. The surface of the largest ribbon is about 6 nm2.
Even if less than 1/10 of the substrate is covered by rib-
bons, 2 · 104 ribbons per µm2 are possible.
In Fig. 3 we show the total magnetic moment of an en-
semble of 3000 ribbons for each length L = 8, 10, . . . , 20.
At low temperatures one can see a clear non-linear re-
sponse signature with steps of height 6000µB. The spac-
ing of the critical field strengths of the different steps
corresponds roughly to one order of magnitude in the
magnetic field. This non-linear response signature is ob-
servable with cutting-edge experimental magnetometry
techniques [25].
Detection via spin-polarized STS. A complementary
experimental method for detecting the spin correlations
is spin-polarized STS, which is capable of measuring the
spin-resolved local spectral function
Aiτ (ω) =
1
Z
∑
m,n
|〈m|c†iτ |n〉|
2
×
[
e−βEn + e−βEm
]
δη (ω − (Em − En)) . (4)
Here, |n〉 are manybody eigenstates ofH with energy En.
Although the usual definition of the spectral function in-
volves Dirac delta functions, we use the Gaussian δη(x)
with finite width η. This accounts for a finite experimen-
tal energy resolution of the spectral function due to finite
lifetimes or due to the temperature of the electrons and
holes tunneling from the STM tip into the system. Note
that this temperature η is not necessarily equal to the
ribbon temperature β−1 in a non-equilibrium situation.
For i we choose a site at the ribbon edge, where one of
the edge state wave functions is large (see Fig. 1). Here
we opt for the site i on the left.
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FIG. 4. (Color online) Spectral function AL↓(ω) for t
∗ = 0.006
eV and U∗ = 0.6 eV, corresponding to a ribbon with W = 3
and L = 10. The critical field Bc = ±J/2 ≈ 2.1T is indicated
by dashed lines. In the main plot the Gaussian smearing η =
200 Kelvin (see text). The insets show the fine structure of
the spectral peaks with narrower Gaussian smearing of η = 10
Kelvin (b) and η = 0.1 Kelvin (a).
The lattice electron operator ciτ may be expressed in
edge and bulk states. But since we are only interested in
small energies ω we may drop the bulk states and obtain
Aiτ (ω) = |ψL(i)|
2ALτ , where ALτ (ω) is of the same form
as Eq. (4), with the ciτ operator replaced by eLτ . We
have assumed that i is on the left end of the ribbon.
We calculate the spectral function within the fermionic
effective theory [Eq. (2)] by exact diagonalization. The
resulting exact spectral function AL↓(ω) in dependence
on the external magnetic field B is shown in Fig. 4. The
large energy features provide a clear distinction between
a singlet phase for |B| < Bc and two triplet phases for
|B| > Bc. For a better understanding of these large
energy features we evaluate ALτ (ω) approximately for
U∗ ≫ B, T, t∗ and find
ALτ (ω) =
1
2
∑
τ ′
δη
(
ω + τ ′
U∗
2
)
1 + eβJ + 2e2ττ
′βB
1 + eβJ + 2 cosh(2βB)
.
(5)
This approximate formula only holds for ω resolutions
η coarser than the energy scales J, t∗. It shows that for
|B| < Bc = J/2 it is possible to add a spin-down electron
with energy U∗/2 and to remove a spin-down electron
with energy −U∗/2, because the singlet phase is a coher-
ent superposition of a state with an up-spin and a state
with a down-spin on the left side. As B > Bc = J/2 the
triplet state e†
L↑e
†
R↑|0〉 becomes the ground state, where
it is only possible to add an down-spin electron but not
to remove one. This is reflected by all the spectral weight
being at positive ω. We also calculated the exact spec-
tral function by QMC (not shown in Fig. 4) and found
that, within the statistical bounds achievable in QMC, it
agrees with Eq. (5) in the low-energy regime |ω| . U∗/2.
In addition to the large energy features there is a subtle
4fine structure, shown in the insets of Fig. 4. Interestingly,
the fine structure reflects all energy scales appearing in
the effective theories, i.e., the inter-end hopping t∗ and,
on an even finer level, the antiferromagnetic inter-edge
coupling J = 4(t∗)2/U∗. For different geometries, result-
ing in different effective model parameters, the energy
scales of the fine structures scale accordingly.
Stability with respect to H ′. The fermionic low-energy
theory [Eq. (2)] is derived by first order perturbation
theory from H0 + HU , with the inverse bulk gap being
the small parameter. As shown in Fig. 2, this is a re-
markably good approximation. Moreover, due to overall
SU(2) invariance, the low-energy spin physics must be
governed by one single energy scale, namely the singlet-
triplet splitting J . Thus it is reasonable to account for
the additional termsH ′ in the effective Heisenberg model
also in first order perturbation theory and calculate the
corrections to J . We now discuss a variety of possible
perturbation terms in H ′. We find that the resulting
corrections to J are smaller than the uncertainty for the
literature parameters t and U .
In the special geometry discussed here, next-nearest
neighbor hopping only gives rise to a shift in the chemical
potential and may therefore be ignored. Third neighbor
hopping and all other hoppings that couple the A and
B sublattice give contributions to t∗ which are at least
one order of magnitude smaller than the contribution of
the nearest-neighbor hopping, since these more distant
hoppings are exponentially suppressed as a function of
distance. An electric field E along the ribbon gives rise
to a correction ∆J = J(EL/2U∗)2.
Two additional terms arise from the long-
range part of the Coulomb interaction. One one
hand there is the inter-edge term VLRnLnR with
ns =
∑
τ e
†
sτesτ − 1, VLR ≈ e
2 exp(−L/Lsc)/κl with
κ the dielectric constant and Lsc the charge screen-
ing length, both of which depend heavily on the
substrate. On the other hand there is an intra-edge
term V0
∑
s(e
†
s↑es↑ − 1/2)(e
†
s↓es↓ − 1/2) with V0 ≈
e2
∑
i<j |ψL(i)|
2|ψL(j)|
2 exp(−|ri − rj |/Lsc)/κ|ri − rj |,
which has the same form as the Hubbard term in
Eq. (2). Both terms contribute to the energy of the
excited states with more or less than one electron at one
end and therewith to U∗. Given the uncertainties for
U in the literature (see, e.g., Ref. 26 for an interesting
discussion), the actual value of the renormalized U∗ with
all corrections due to the environment is not accessible
theoretically and needs to be determined experimentally.
One way to do so is via a measurement of the spectral
function (Fig. 4) in tunneling experiments. Crucially,
however, the exponential length dependence of J is not
spoiled by any of the perturbations to H0+HU discussed
above.
Conclusion. Motivated by the recent chemical synthe-
sis of high-quality armchair ribbons with perfect zigzag
ends [20–22], we have studied the magnetic correlations
arising in these ribbons due to strong electronic interac-
tions. We have identified spin- 1
2
degrees of freedom at
each end of the ribbon. This spin subsystem may be de-
scribed by an extremely simple Heisenberg model, which
we have derived directly from a lattice model and bench-
marked against numerically exact QMC simulations. The
two end spins are coupled antiferromagnetically and the
corresponding singlet-triplet splitting decays exponen-
tially with the ribbon length. This enables direct exper-
imental access to the low-energy spin physics, for which
we have proposed two complementary experiments. The
setup proposed here thus allows to investigate the basic
principles of graphene edge magnetism. A thorough un-
derstanding of this well-controlled scenario will facilitate
the experimental investigation as well as the theoreti-
cal interpretation of the still-elusive edge magnetism in
larger zigzag/chiral nanoribbons.
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